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ABSTRACT 
Relativistic Breit-Pauli R-Matrix calculations of the photoionization cross sections in the 
energy region of the 2p inner-shell of free Mg and Mg confined in a C60 molecule have been 
performed. For the free case, Mg+ orbitals are generated using Hartree-Fock (HF) and 
multiconfiguration HF (MCHF) programs. Multiconfiguration wavefunctions of confined Mg for 
the final states of ion core (target states) were obtained using modified MCHF and HF codes. 
The C60 confinement potential is modeled as an attractive spherical potential of inner radius 5.8 
a.u, thickness of 1.89 a.u. and a depth U0 of 0.302 a.u. Based on the photoionization cross section 
calculation, an eigenphase derivative technique, the QB method, along with the quantum defect 
theory were employed to obtain the resonance positions and effective quantum numbers 
(quantum defects) of the lower members of various autoionizing series over the 54 eV to 65 eV 
photon energy range. The calculations were performed for a variety of well depths up to 0.302 
a.u. in order to study the evolution of photoionization cross section from free Mg to Mg@C60. 
The ionization energy of the inner and outer shells of the Mg ground state increase with as the 
well depth is increasing. Moreover, the photoionization cross section of Mg in the vicinity of the 
2p thresholds, which is dominated in the threshold region by core-excited and doubly-excited 
nln’l’ resonances, changes dramatically in the presence of the confining well. A complex pattern 
of changes occur with increasing well depth, with some of the resonances moving to lower 
energy and some to higher. Reasonably good agreement is obtained between this calculation and 
few available NIST values for the free Mg case. 
 
 
 
 
 
INDEX WORDS: Binding energy, Ionization energy, Autoionization, Close-coupling expansion, 
Resonance analysis, Endohedrally encapsulated atoms.   
  
INNER-SHELL PHOTOIONIZATION OF FREE AND CONFINED Mg  
 
 
 
 
by 
 
 
 
 
PRABHA PADUKKA 
 
 
 
 
 
 
 
A Dissertation Submitted in Partial Fulfillment of the Requirements for the Degree of 
Doctor of Philosophy 
in the College of Arts and Sciences 
Georgia State University 
2014 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Copyright by 
Prabha Padukka  
2014  
INNER-SHELL PHOTOIONIZATION OF FREE AND CONFINED Mg 
 
 
by 
 
 
PRABHA PADUKKA 
 
 
Committee Chair:  Steven Manson 
 
Committee: Unil Perera 
Vadym Apalkov 
Douglas Gies 
 
 
Electronic Version Approved: 
 
 
Office of Graduate Studies 
College of Arts and Sciences 
Georgia State University 
December 2014
iv 
 
DEDICATION 
    To my loving husband Kanishka 
v 
 
 
ACKNOWLEDGEMENTS 
This dissertation would not have been possible without the help of many people. First I 
would like to thank from the bottom of my heart to my thesis advisor Dr. Steven Manson for all 
the invaluable support, guidance and advises given to me all the time. The help and support I 
obtained from Dr. Hsiao-Ling Zhou, a senior member in our atomic physics group, should be 
acknowledged too. I need to appreciate the supervision and help I got from my thesis committee, 
including, Dr. Unil Perera, Dr. Vadym Apalkov and Dr. Douglas Gies. Moreover, the graduate 
director Dr. Xiaochun He must be remembered with appreciation.  Last but not the least, I would 
like to thank my husband Kanishka, my son Sanuka and my parents for their loving support 
given to me to make this dissertation a success. 
1 
TABLE OF CONTENTS 
ACKNOWLEDGEMENTS ............................................................................................. v 
LIST OF TABLES ............................................................................................................ 4 
LIST OF FIGURES .......................................................................................................... 6 
1     INTRODUCTION...................................................................................................... 8 
1.1 Inner-shell photoionization ................................................................................ 8 
1.2 Endohedrally confined atoms ........................................................................... 10 
1.2.1 Endohedrally confined metals (metallofullerens) ....................................... 11 
1.2.2 Photoionization of Mg@C60 .......................................................................... 12 
2 THEORY ................................................................................................................... 14 
2.1 Photoionization .................................................................................................. 14 
2.1.1 Photoionization cross section ....................................................................... 15 
2.2 R-Matrix method ............................................................................................... 17 
2.2.1 Close coupling approximation ...................................................................... 19 
2.2.2 Target states................................................................................................... 19 
2.2.3 Inner Region ................................................................................................. 21 
2.2.4 Outer region .................................................................................................. 22 
2.2.5 Breit-Pauli R-Matrix method........................................................................ 22 
2.3 The central field approximation and the Hartree-Fock method .................. 23 
2.4 The multiconfiguration Hartree-Fock approximation (MCHF) .................. 25 
2 
2.5 Channel coupling and resonances .................................................................... 26 
2.5.1 Autoionizing states ........................................................................................ 27 
2.5.2 Determining the position of resonances ....................................................... 28 
2.6 Confined atoms .................................................................................................. 32 
2.6.1 Wood-Saxon potential ................................................................................... 34 
3 RESULTS AND DISCUSSION ............................................................................... 36 
3.1 Target state energies ......................................................................................... 36 
3.2 2p inner-shell photoionization cross section of Mg ........................................ 39 
3.2.1 Resonance analysis of series A ..................................................................... 42 
3.2.2 Resonance analysis of series B and C .......................................................... 43 
3.2.3 Resonance analysis of series D and E .......................................................... 45 
3.3 Analysis of photoionization cross section for free Mg ................................... 49 
3.4 Photoionization calculation of Mg@C60 .......................................................... 51 
3.4.1 Target state energies of confined Mg for different well depths................... 51 
3.4.2 Ground state ionization energy of confined Mg .......................................... 54 
3.4.3 Evolution of 2p inner-shell photoionization cross section for various well 
depths ............................................................................................................. 55 
3.4.4 Photoionization cross section and resonance analysis for U0=0.1 Ry ........ 56 
3.4.5 Photoionization cross section and resonance analysis for U0=0.2 Ry ........ 58 
3.4.6 Photoionization cross section and resonance analysis for U0=0.3 Ry ........ 60 
3 
3.4.7 Photoionization cross section and resonance analysis for U0=0.4 Ry ........ 62 
3.4.8 Photoionization cross section and resonance analysis for U0=0.5 Ry ........ 64 
3.4.9 Photoionization cross section and resonance analysis for U0=0.6 Ry ........ 66 
3.5 Evolution of photoionization cross section with potential depth .................. 69 
3.5.1 Evolution of  quantum defect with potential depth ...................................... 76 
3.5.2 Evolution of the 2p threshold energies with the potential depth ................. 80 
4     CONCLUSIONS ...................................................................................................... 81 
REFERENCES ................................................................................................................ 83 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4 
LIST OF TABLES 
Table 3.1Optimization of correlational orbitals of Mg on different configurations ......... 37 
Table 3.2 Target state (Mg+) energies obtained in this calculation with respect to the 
ground state of Mg (2p6 3s 2S) compared with NIST values where available. ................. 38 
Table 3.3Details of the resonances which belong to series A ........................................... 43 
Table 3.4 Details of the resonances (series B and C) converging to 2p3/2. ....................... 45 
Table 3.5 Resonance positions of the members in the D and E series in the region 
between two 2p thresholds. ............................................................................................... 47 
Table 3.6 First members of the series D and E of photoionization cross section of free 
Mg, which occur below 2p3/2 threshold. ........................................................................... 48 
Table 3.7 Identified 2p5 3s3p2 autoionizing resonances of free Mg with their positions 
with respect  to photon energy .......................................................................................... 50 
Table 3.8 Target state energies for confined Mg+ with varying potential depth values. . 53 
Table 3.9 Ground state (2p63s2) ionization energy of free Mg and confined Mg at 
different well depths ......................................................................................................... 54 
Table 3.10 Resonance positions of the first few members in the five Rydberge series, for 
the potential depth of 0.1 Ry of Mg@C60 ......................................................................... 58 
Table 3.11 Resonance positions of the first few members in the five Rydberg series, for 
the potential depth of 0.2 Ry, of Mg@C60 ........................................................................ 60 
Table 3.12 Resonance positions of the first few members in the five Rydberge series, for 
the potential depth of 0.3 Ry of Mg@C60 ......................................................................... 62 
Table 3.13 Resonance positions of the first few members in the five series, for the 
potential depth of 0.4 Ry, of Mg@C60 .............................................................................. 64 
5 
Table 3.14 Resonance positions of the first few members in the five series, for the 
potential depth of 0.5 Ry, of Mg@C60 .............................................................................. 66 
Table 3.15 Resonance positions of the first few members in the five series, for the 
potential depth of 0.6 Ry of Mg@C60 ............................................................................... 68 
Table 3.16 Binding energies of 3d,4s ,4d and 5s single orbitals of Mg@C60 for different 
well depths. ....................................................................................................................... 71 
Table 3.17  Mg 2p thresholds, 2p3/2 and 2p1/2, for various well depths. ........................... 80 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
6 
 
LIST OF FIGURES 
Figure 2.1 Configuration space in the coupled channel R-Matrix .................................... 18 
Figure 2.2 Excitation and autoionization of a doubly excited resonance state. ................ 27 
Figure 2.3(a) Endohedrally confined atom in a C60 cage. (b) Spherically symmetric 
potential model used in the calculation as a function of radius. ....................................... 33 
Figure 2.4 Different boundary walls for the confinement potential for different diffuse 
constants. ........................................................................................................................... 35 
Figure 3.1 Total photoionization cross section of free Mg with different photon energies. 
The blue curve represents the photoionization cross section calculated using velocity 
gauge, while the red curve represents the photoionization cross section calculated using 
length gauge. ..................................................................................................................... 40 
Figure 3.2 Photoionization cross section of free Mg in the region below the 2p3/2 
threshold with the labelled resonances belonging to series A. ......................................... 42 
Figure 3.3 Photoionization cross section of free Mg below 2p3/2 threshold with labels for 
series B and C members. ................................................................................................... 44 
Figure 3.4 Photoionization cross section of free Mg in between 2p3/2 and 2p1/2 thresholds 
with resonance identifications. .......................................................................................... 46 
Figure 3.5 Photoionization cross section for free Mg with resonances belong to series D 
and E in the region below the 2p3/2 threshold. .................................................................. 48 
Figure 3.6 Ground state ionization energy of Mg@C60 for different well depths U0 ...... 55 
Figure 3.7 Total photoionization cross section in length gauge for confined Mg with well 
depth U0 = 0.1Ry. .............................................................................................................. 57 
7 
Figure 3.8 Photoionization cross section for confined Mg for a depth of 0.2 Ry using the 
length gauge. ..................................................................................................................... 59 
Figure 3.9 Photoionization cross section for confined Mg with a well depth of 0.3 Ry, 
calculated using length gauge. .......................................................................................... 61 
Figure 3.10 Photoionization cross section for confined Mg with U0=0.4 Ry, calculated 
using length gauge. ........................................................................................................... 63 
Figure 3.11 Photoionization cross section of confined Mg with U0=0.5 Ry, calculated 
using length gauge. ........................................................................................................... 65 
Figure 3.12 Photoionization cross section of Mg@C60 (well depth = 0.604 Ry), 
calculated using length gauge. .......................................................................................... 67 
Figure 3.13 Variation of the first few autoionizing resonances of the photoionization 
cross section of Mg@C60, for different well depths as a function of photon energy; see 
text for the designation of each resonance. ....................................................................... 70 
Figure 3.14 Wavefunctions of 3p orbitals as the depth of the well increases ................... 73 
Figure 3.15 Wavefunction of 3d orbital with the presence of potential well ................... 74 
Figure 3.16 Wavefunction of 4s orbital with the presence of potential well .................... 74 
Figure 3.17 Wavefunction of 5s orbital with the presence of potential well .................... 75 
Figure 3.18 Quantum defect for 4s as a function of well depth of Mg@C60 .................... 76 
Figure 3.19 Quantum defect for 3d as a function of well depth of Mg@C60 ................... 77 
Figure 3.20 Quantum defect for 4d as a function of well depth of Mg@C60 ................... 78 
Figure 3.21  Quantum defect for 5s as a function of well depth of Mg@C60 ................... 79 
 
8 
1     INTRODUCTION  
1.1 Inner-shell photoionization  
The inner-shell photoionization behavior of metal atoms has been the focus of 
considerable theoretical and experimental attention, particularly with the introduction of 
improved dedicated synchrotron sources [1] and detection techniques over the last two decades. 
For low-Z atomic systems the photoionization can be calculated with theoretical techniques 
capable of treating the dynamics of the few-electron system. The availability and increased 
accuracy of experimental results enable the theoretical models to be tested in a detailed manner. 
It is well known that the photoionization cross section of the alkaline earth atoms is dominated 
by autoionization. This together with the astrophysical importance of some of these elements, 
especially magnesium, has recently led to a number of theoretical and experimental 
investigations. Over the years, a fair number of experimental measurements of the 
photoionization of atomic magnesium have been performed using various techniques [2-8]. 
Reported experimental data show indications that the photoionization cross section of 
magnesium, especially near the first ionization threshold, is dominated by autoionization 
resonances. While currently there are significant amount of photoionization data in the hard x-
ray region of the spectrum [9], there is only limited amount of data is available near the inner-
shell 2p thresholds of magnesium. In a recent experiment, done by Wehlitz and Juranic, a 
detailed analysis of inner-shell 2p photoionization cross section of magnesium including a 
resonance analysis is reported [10].  Aside from experimental work, the photoionization of 
magnesium has been investigated theoretically using the quantum defect method [11,12], the 
configuration interaction formalism [13-15], the close-coupling technique [16,17], the model-
potential method [18], the hyperspherical-coordinate approach [19], the random-phase 
9 
approximation [20,21], the relativistic random-phase approximation (RRPA) [22], the relativistic 
multiconfiguration Tamm-Dancoff approximation (MCTD) [24], the complex-basis expansion 
technique [25], and multiconfiguration Hartree-Fock theory [26].  Even though there are number 
of theoretical calculations carried out on magnesium, most of them deal with the outer 3s shell. 
Hence, the calculation is carried out few electron volts above the first ionization threshold. 
However, there are few calculations carried out to obtain the inner-shell 2p photoionization cross 
section. The main limitation in those calculations did not include the autoionization resonances 
which are of importance in the vicinity of the 2p thresholds. 
Quantum defect theory (QDT) aims at the evaluation of a few fundamental parameters, 
such as quantum defect and the phase-shift, which can be used to understand various atomic 
properties [11, 12]. This method is particularly appropriate if accurate cross sections are only 
needed in the region of ionizing thresholds.  
The method of superposition of configurations, or configuration interaction, has been 
applied to accurate quantitative studies of small atoms [13-15]. It is based on a variational 
approach where the wave function is represented by a linear combination of many-electron 
functions. However, the individual terms in the series cannot have any simple physical 
interpretation. Its fundamental difficulty resides in its slow convergence and a rapid increase of 
the size of the set with the number of electrons available in the system. There is also a difficulty 
with the computational aspects due to the complexity of evaluating the Hamiltonian matrix 
element between different configurations.  
The RPA is a rather different method, which directly studies the electron density instead 
of treating electrons individually [20, 21]. This method was originally used to describe the 
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collective behavior of an electron gas. The approximation is useful because the neglected matrix 
elements for an infinite electron gas tend to cancel each other due to their random phases.  
In this work, relativistic (Breit-Pauli) 2p inner shell photoionization cross sections are 
calculated and a complete resonance analysis has been performed in the vicinity of the 2p 
thresholds. To perform this calculation, number of programs was used, including an atomic 
structure package (Hartree-Fock and multiconfiguration Hartree-Fock) [27] and the relativistic 
Breit-Pauli R-Matrix code [28] to implement the calculation of the wave functions and the matrix 
elements. 
1.2 Endohedrally confined atoms 
Due to their unique features, endohedrally confined atoms are of increasing interest in 
physics. In recent years, endohedral fullerenes, which are a novel class of materials, have 
attracted the interest of many theoretical and experimental scientists [29, 30]. After it was 
discovered that the fullerenes are hollow spheres of carbon molecules, researchers wondered, 
whether any atoms, molecules, or clusters can occupy the space inside the sphere or not. The 
existence of such endohedral fullerenes is no longer an obscurity [31, 32]. Over the past few 
years, researches have synthesized fullerene compounds.  The extraordinary geometric stability 
of the fullerene cage offers a unique natural laboratory to study the behavior of systems under 
confinement.  
Due to the high stability of fullerenes and their derivatives, there are many exciting 
possible applications of those. It has been shown that fullerene cage is an ideal candidate for 
isolating the atom from the environment and, hence, provides the building block for the q-bit of a 
quantum computer [33]. Recent experiments with Ar@C60 provided evidence for improving the 
superconducting ability of materials [34]. An interesting proposed biomedical application of 
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endohedral materials is to shield radioactive tracers inside fullerene cages. Subsequently, inject 
these confined tracers into human blood to monitor blood flow and treat tumors and cancers. 
Another potential application is to use these endohedrally confined atoms as contrast-enhancing 
agents in magnetic resonance imaging. In addition, in extraterrestrial environments, there exist 
numerous amounts of endofullerenes with trapped atoms inside. Therefore, it is very important to 
study properties of endohedrally confined atoms.   
Aside from the interest from the basic physics point of view, it is interesting to observe 
the altered properties of the atoms due to the confinement.  Investigating the photoionization of 
such atoms is an excellent technique which can be used to understand the influence of the 
confinement on the atom. This technique becomes more appropriate owing to the weak photon-
electron interactions. Moreover, the photon does not remain in the system after the interaction.  
1.2.1 Endohedrally confined metals (metallofullerens) 
An interesting sub-class of endohedral fullerenes are the metallofullerenes, in which a 
metal (alkali or alkaline-earth atom) has been encapsulated in the symmetric cage. Due to the 
complexity of synthesis and purification only a few such systems have been produced. 
Moreover, the difficulties in producing these metallofullerenes in gas phase made researchers 
look at them in either liquid phase or solid phase. However, in order to study their fundamental 
properties, it would have been much better to study them as isolated atomic or molecular systems 
in the gas phase. In this study, photoionization of Mg encapsulated in C60 (Mg@C60 ) is 
calculated to understand the influence of the confinement on the atomic properties.  
 
 
12 
1.2.2 Photoionization of Mg@C60 
The photoionization cross section sensitively depends on the wave function of the initial 
discrete state and the final continuum state of the system. Hence, the study of photoionization of 
confined atoms provides an insight into the changes in both discrete and continuum wave 
functions caused by the confinement.  
In our approach, the endohedrally confined Mg is treated using a relatively simple model. 
The endohedral environment is represented by a spherically symmetric short-range attractive 
potential shell )(rVc of inner radius 0R , depth 0U  and thickness ∆ : [35,36,37] 


 ∆+≤≤<−
=
otherwise
RrRifU
rVc 0
,0)( 000
 
One would expect to have significant changes in the photoionization cross section as well 
as other photoionizing parameters owing to the presence of the external attractive confining well, 
as the confinement tend to pull in the electron probability densities in to the confining cage. 
To perform the photoinization calculation of endohedrally confined Mg, the following 
steps have been carried out:  
1. Photoionization calculation of free Mg is carried out using well established programs 
and the results were compared with the available experiments and theoretical 
calculations. Furthermore, almost all the autoionizing resonances were identified and 
compared with the available data.  
2. Once a very good agreement is obtained between the calculated results and available 
experimental and theoretical data, the programs used for the free case were modified in 
order to include the confinement.  
13 
3. The modified codes were then tested for the free Mg one more time, and confirmed to 
obtain the same results as before, to make sure that the changes have been made 
properly.  
4. The modified codes were used to calculate the photoionization cross section of the 
Mg@C60.  
5. However, due to the lack of availability of experimental or theoretical data on inner-shell 
photoionization of Mg@C60, identification of autoionizing resonances and understanding 
how the photoionization parameters changes due to the confinement were challenging. 
Hence, a number of calculations were carried out changing the well depth of the 
confinement in small increments in order to trace the autoionizing resonances their 
trajectories from the free case to the confined case.   
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2     THEORY 
This chapter briefly summarizes the various theoretical methods used in the inner-shell 
photoionization calculation of Mg and Mg@C60.   
2.1 Photoionization 
Photoionization of atoms is one of the possible interactions between atoms and a 
radiation field.  In this process, a photon of energy νh is absorbed by the atom and releases one 
or more electrons to the continuum. In general, for single photoionization, the process can be 
written as  
( )εν eXhX ji +→+ +      (2.1) 
where iX  is the atom system in state i and 
+
jX  is the residual positive ion in the state j. Both iX  
and +jX  can be in their ground states or either or both can be in excited states; the states of 
+
jX  
are known in R-Matrix theory as target or N-electron states. The ejected electron, called the 
photoelectron, is in a continuum state having energy 2
2
1
mv=ε , which is equal to the difference 
between the photon energy and the ionization potential energy of iX .  
When an atomic sample is exposed to a beam of photons, the photoionization rate and the 
degree of ionization achieved depends on the photon distribution in the radiation field and the 
cross section as a function of photon energy. The main interest in this study is the 
photoionization cross section, which is just the number of events per unit time per atom divided 
by the incident photon flux (number of photons per unit time per unit area).   
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2.1.1 Photoionization cross section 
Considering a beam of photon, linearly polarized in the −z direction (denoted by the εˆ  
vector), which is incident along the x-direction on an atom, one can write down the equation for 
the differential photoionization cross section for the transition from state i to state j  as 
ji
ij Wfd
d 1
=
Ω
σ
                                              (2.2) 
where jiW  is the transition probability per unit time from state i to state j  and f  is the incident 
photon flux.   Using atomic units, the transition probability can be written as  
jjiji TW ρπ
2
2=                                                   (2.3) 
where the transition amplitude 
iBjEij HT Ψ′Ψ=
−
                                              (2.4)                                                      
and jρ  is the density of final states. In equation (2.4) iBΨ is the initial bound-state wave function 
of the atomic system, −Ψ jE  is the final continuum state wave function of the residual ion and the 
ejected photoelectron. If the continuum wave function is normalized per unit energy, then the 
density of states jρ =1 .  
The interaction term H ′ in the transition amplitude can be written as,  
( )∑
+
=
∆⋅−=′
1
1
,
N
i
ii trA
c
iH                                            (2.5) 
where ( )trA i , is the vector potential associated with the radiation field. Moreover, the initial 
atomic system consists of an atom having 1+N electrons with coordinates ir , 1,.....,2,1 += Ni .  
We adopt Coulomb gauge so that 0=divA and the scalar potential 0=φ . The vector potential 
associated with a beam of photons traveling in −z direction is given by,  
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( ) ( )
( )[ ] ( )[ ]trkiAtrkiA
trkAtrA
ωεωε
ωε
−⋅−+−⋅=
−⋅=
exp
2
1
ˆexp
2
1
ˆ
cosˆ,
00
0
                  (2.6) 
where k is the direction of the incident photons and kc=ω is the angular frequency. The first 
term in equation (2.6) corresponds to the photon absorption while the second term corresponds to 
the photon emission.  It is easy to express the incident photon flux f with the use of the Poynting 
vector P given by,  
HEcP ×=
π4
                                                            (2.7) 
where E and H are,  
( )trkAk
t
A
c
E ωε −⋅−=
∂
∂
−= sinˆ1 0                             (2.8) 
)sin(ˆ 0 trkAkcurlAH ωε −⋅×−==                         (2.9) 
the electric and magnetic field strengths respectively.  
The averaged Poynting vector over a period of oscillation ωπ /2 is given by,  
2
0
2
8
A
c
PAV π
ω
=                                                    (2.10) 
Therefore, the photon flux can be written as,  
2
04
1 A
c
Pf AV
υ
ω
==                                           (2.11) 
where the frequency πωυ 2/= . When we utilize the dipole approximation, that is the 
wavelength of the photon field is large compared with the size of the atomic target, the ( )rik.exp
term in equation (2.6) can be replaced by unity. Combining all the results and the equations, we 
obtain an expression for the differential photoionization cross section as 
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220
2
ˆ
4
iBvjE
v
ij D
a
d
d
ψε
ω
απσ
⋅Ψ=
Ω
−
                                (2.12) 
where ∑
+
=
∆=
1
1
N
i
ivD is the dipole velocity operator. The dipole length form of the differential 
photoionization section can be obtained using the following operator identity.  
[ ]Hri
dt
drp ,== .                                                         (2.13) 
Using (2.13), the differential cross section can be written in length form as 
22
0
2
ˆ4 iBLjE
L
ij Da
d
d
ψεωαπ
σ
⋅Ψ=
Ω
−
                             (2.14)  
where ∑
+
=
=
1
1
N
i
iL rD  is the dipole length operator. In (2.12) and (2.14), α is the fine-structure 
constant andω is the incident photon energy expressed in atomic units.  
If we use exact wave functions for initial and final states, these cross sections yield 
identical results; for approximate wave functions, this is not the case.   Thus, agreement between 
dipole length and velocity cross sections is a good indicator of the accuracy of the calculation.  
2.2 R-Matrix method 
The R-Matrix method for atomic systems was developed by P.G. Burke and collaborators 
[38]. This method forms the basis for a powerful theoretical methodology for a comprehensive 
analysis of the atomic processes. Even though the R-Matrix method was first developed to treat 
nuclear physics, its physical aspects make it very suitable in atomic and molecular problems. The 
photoionization cross section is one of the physical quantities we can calculate using the R-
Matrix method [39].   
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The basic idea behind this method is to consider the configuration space (projectile-target 
space) as two distinct regions, inner region and outer region as in Figure 2.1.  
 
Figure 2.1 Configuration space in the coupled channel R-Matrix 
 
In the inner region, electron exchange and the correlation between the free electron and 
the N-electron target atomic system are important and the N+1 –electron collision complex is 
calculated in a similar way to a bound state. In the outer region, electron exchange can be 
neglected if the radius a  known as the R-Matrix boundary is chosen so that the charge 
distribution of the target is contained within the sphere. The free or ejected electron then moves 
in the long-range multipole potential of the target. Therefore these interactions may be treated in 
their asymptotic approximations.  
The R-Matrix itself is defined as the inverse of the logarithmic derivative of the wave 
function at the boundary between inner and outer regions and is used to connect the wave 
functions and their derivatives in the inner and outer regions.  Using the R-Matrix method, the 
photoionization cross sections given in (2.12) and (2.14) can be calculated with the aid of the 
solutions to the bound state wave functions of the target atomic system (N-electron system) as 
well as the solutions to the initial and final (N+1)-electron systems. 
Inner region  
R < a 
a < R < ∞  
Outer region 
R-Matrix boundary   
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2.2.1  Close coupling approximation 
In the close coupling approximation, the ( )ione + atomic system is described as a system 
of (N+1) electrons. The ion core, also termed the target, consists of N-electron states and the 
N+1th electron is the free electron. The (N+1) electron system may also represent a bound state 
(either ground state or excited state) as well as the ( )ione + continuum. The close coupling 
expansion in terms of the target state eigenfunctions iψ  is usually written as,  
∑∑ Φ+=+Ψ
j
jj
i
ii cione θψ)( ,                                                       (2.15) 
which describes both the continuum and the bound state of the ( )ione + system. iθ refers to the 
free electron wave function in the free channels i and jΦ refer to bound channel functions j
which makes the expansion set more complete and is important for short range correlations.  
2.2.2 Target states 
The first step involved in photoionization cross section calculation is establishing the 
wave functions of the N-electron target. The following equation introduces a set of target states
iΦ , and their corresponding energies NiE ,  
ij
N
ij
N
i EH δ=ΦΦ .                                                           (2.16) 
Here NH is the target Hamiltonian defined by 
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The first two terms in (2.17) are a sum over electron kinetic energy and electron nucleus 
Coulomb attraction.  These terms are known as one-electron terms. The last term on the right is 
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known as the two-electron term and can be expanded in terms of spherical harmonics as given 
below.  
( ) ( ) 1ˆˆ12
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where <r and >r = smaller and larger of ( )mn rr , .  
These target state wave functions are usually written as a configuration-interaction (CI) 
expansion in terms of some basis configurations iφ as  
( ) ∑=Φ
k
NkikNi xxbxx )....(.... 11 φ                                                     (2.19) 
where the ννν σ,rx = stand for the spatial and spin coordinates of the thν  electron, and the sbik '
are known as configuration mixing coefficients and are determined by diagonalizing the N-
electron Hamiltonian.  
The configurations iφ are obtained from bound orbital basis consisting of self-consistent 
field (SCF) orbitals and some additional pseudo-orbitals which are needed to model electron 
correlation effects. For a given iφ , these one electron orbitals )( νxo lnlm are coupled together to 
give a function which is completely antisymmetric with respect to any interchange of the space 
and spin coordinates of any two electrons,  
( ) ( ) ( ) ( )
NN
xoxoxoeNxx NNk νννννφ ......!)....( 211 21.....2
1
1
−=
                             (2.20) 
where !N  is the number of permutations and e is the permutation symbol. Each )( νxo lnlm
consists of a radial function, a spherical harmonic and a spin function and they form an 
orthonormal set too,  
( ) ( ) )(,)(1, smlnlsnlm mYrP
r
mro l
l
Χ= φθ .                                     (2.21) 
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The radial part ( )rPnl  of the target orbitals must be input into the R-Matrix program in order to 
perform the photoionization calculation. In this calculation, these N-electron target orbitals were 
obtained using a combination of programs which uses the Hartree-Fock (HF) method and the 
multichannel Hartee-Fock (MCHF) method, which are described in detail later in this chapter 
[40, 41].  
Once the target wave function (N-electron system) is input into the R-Matrix program, 
the program continues the calculation in the two regions as discussed above: the inner region and 
the outer region.  
2.2.3 Inner Region 
In the inner region, in addition to the N target state electrons, we need to consider the 
N+1th electron as well. Furthermore, a configuration-interaction (CI) expansion of wave function 
is used in this region.  In order to obtain the solution, a new set of N+1 electron basis states kψ
are introduced, which are given by,  
( ) ( ) ( ) ( )∑ ∑ ++
+
+++ +Φ=
ij j
NjjkNij
N
NNNiijkNk xxdru
r
rxxcAxx 111
1
11111 ...
1
ˆ;...... χσψ    (2.22) 
where A is the antisymmetrization operator. The channel functions iΦ  are calculated with the 
use of target state wave functions defined by (2.16) and (2.17).  The iju  are the free-channel 
radial functions, expanded in terms of continuum basis functions. Coefficients ijkc and jkd can be 
calculated by diagonalizing  
kkkkk ENH ′=′+ δψψ )1(                                                          (2.23) 
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2.2.4 Outer region 
The outer region is outside the charge distribution of the ion if the R-Matrix radius is 
large enough.  In this region, the exchange between the free electron and the target ion is small 
enough to be neglected.  In this region we can write,  
( ) ( ) ( )∑ +
+
+++ Φ=
ij
Ni
N
NNNiijkNk rF
r
rxxcAxx 1
1
11111
1
ˆ;...... σψ     (2.24) 
where the iΦ  are the same set of functions used in the internal region, and Fi(r) is the reduced 
radial function of the form,  
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where fn is the number of free channels and ( )rVij are multipole potentials due to electron-
electron interactions.  These are known as the close-coupling equations. 
2.2.5 Breit-Pauli R-Matrix method 
As the atomic number increases it is important to consider relativistic effects in the N- 
and N+1 electron wave functions. The non-relativistic R-Matrix method has been extended in 
order to include the relativistic effects within the context of the Breit-Pauli equation, and is 
known as the Breit-Pauli (BP) R-Matrix method [38]. The new Hamiltonian associated with the 
Breit-Pauli R-Matrix method is given below.  
rel
N
NR
N
BP
N HHH 111 +++ +=                                                   (2.26) 
where the NRNH 1+ represent the non-relativistic Hamiltonian similar to  (2.16). relNH 1+  is the 
relativistic part of the Hamiltonian and that consists of the one-body mass correction term, the 
Darwin term and the spin-orbit term. 
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2.3 The central field approximation and the Hartree-Fock method 
The exact solution for the Schrödinger equation is not available for atoms, except for 
hydrogen, 
                                                                 
Ψ=Ψ EH atom .                                          (2.27) 
In the Schrödinger equation shown above, atomH  is the Hamiltonian of the system and E is the 
total energy of the system while Ψ represents the total wave function. An exact solution to this 
equation is only possible for the hydrogen atom. For all the other atomic systems of more than a 
single electron, only an approximate solution to the Schrödinger equation is possible. One of the 
simplest approximations is the central field approximation, which is used in many atomic 
calculations. In this approximation, each electron is assumed to be subjected to the field 
generated by the average charge distribution of all the other electrons in the atom. By 
considering the shape of the atom, the charge distribution considered to be spherically 
symmetric. The simplest potential used in central field approximation is the hydrogenic potential 
which suffers from the major drawback that it does not approach the correct limits for small and 
large r. 
Another possible potential model is the Thomas-Fermi potential [42]. That potential 
behaves well at the asymptotic limits, but it does not take the shell effects into account. Hartree’s 
self-consistent field is another example widely used in atomic calculations. This method consider 
shell effects, however it does not include the exchange. The Schrödinger equation solved with 
this field is subjected to the self-consistency requirement, which can be obtained using an 
iterative approach.  
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None of the aforesaid potentials take exchange into account, because exchange is 
inherently non-central. However, it is not impossible to approximate the exchange potential by 
the central potential. The Slater potential was developed based on this idea. It replaces the exact 
non-spherical exchange potential by a spherical exchange potential given by, 
( ) ( )
3
1
8
36 


−= rrV ex ρ
π
                                                  (2.28) 
where ρ is the total charge density. [43] 
However, some correction terms have to be introduced to this equation, in order to 
remove the interaction of the electron with itself. When this central-field approximation is used 
with the Hartree self-consistent field, one can obtain the Hartree-Slater potential; sometimes 
known as the Herman-Skillman potential [44]. This method is widely used in atomic 
calculations.  
The most accurate single-particle wave functions, however, are those obtained from the 
Hartree-Fock method. Hartree-Fock wave functions result from variational calculations on the 
energy of the system and uses Hartree’s self-consistant approach but with exchange [40]. 
Consider the energy functional 
[ ] ΨΨ=Ψ atomHE                                                       (2.29) 
where E is the energy of the system and Ψ is the exact wave function of the system. Then Ψ is a 
solution of the variational equation,  
[ ] 0=ΨEδ .                                                                       (2.30) 
In Hartree-Fock method, the exact wave function Ψ is approximated byψ , an 
antisymmetric product of one-electron orbitals, that is a single Slater determinant or a linear 
combination of such determinants.; 
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Each iφ orbital is a product of the spin and the spatial orbital. The spatial part is a product of 
radial and angular parts.  
( ) ( ) ( )ϕθϕθ ,,, 1 lmnl YrPrru −= .                                                   (2.32) 
In (2.32) ( )rPnl  is the radial wave function and ( )ϕθ ,lmY  is a spherical harmonic. The average 
value of the Hamiltonian is expressed in terms if these one-electron wave functions. Then the 
radial wave functions are varied in order to minimize the energy. Consequently, in 
correspondence to the equation (2.30), that is applying the variational principle,  
   
0| =





+∑
< ji
jiijatomH φφλψψδ                                (2.33) 
which leads to a set of coupled integro-differential equations known as Hartree-Fock (HF) 
equations.  
 
2.4 The multiconfiguration Hartree-Fock approximation (MCHF) 
The multiconfiguration Hartree-Fock (MHCF) approximation is an extended version of 
the HF method, and takes the electron correlation into account. The correlation energy is defined 
as the difference between the HF energy and the exact energy of the system. The MCHF method 
was first suggested by Hartree et al [40].  The MCHF wave function is constructed by taking a 
linear combination of HF type configurations know as configuration state functions (CSF’s).  
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These functions are eigenfunctions of operators 2L and 2S . MCHF wave function for a state 
represented by L and S can be written as  
∑=Ψ
i
ii
LS
MCHF LS)(γψα                                                             (2.34) 
where ψ is a configuration state function,  refers to the thi configuration, iα  is the mixing 
coefficient. Out of the configurations include in (2.34), one of the configurations considered to 
be the main member and it has a mixing coefficient which is closer to unity.  The total energy 
calculated using the MCHF method, is the expectation value of the Hamiltonian,  
( ) ( )
∑
∑
=
=
ΨΨ=
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jiji
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      .                      (2.35) 
The diagonal terms iiH  are the total energies of different configurations. The off-diagonal terms
ijH ’s represent interactions between thi and thj  configurations. In any case, if these interaction 
matrix elements are large, the orbitals in the configuration state functions are altered from usual 
HF orbitals. Hence, these orbitals are referred as correlational orbitals.  
2.5 Channel coupling and resonances 
Resonance phenomena can be explained using a multichannel description of the atomic 
system. In an atomic process, when channel coupling and resonances are dominant, the 
limitations in the central field model become apparent. This is particularly the case for neutral 
and low ionization stages near the threshold energy region, where the ejected electron has low 
kinetic energy and interacts strongly with the residual ion. Coupling between photo-excitation of 
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inner shell electrons and outer-shell electrons can give rise to huge enhancements in the 
photoionization cross section.  
2.5.1 Autoionizing states 
Photoionization can occur directly or also through autoionizing resonances.   If the 
photon energy lies above the ionization threshold, it could excite the system to an unstable 
autoionizing state, which breaks up spontaneously into an ion and a free electron. These can be 
core excited states or doubly excited states.  An autoionizing state usually decays into the 
continuum by one electron dropping down to a lower energy states and giving up its energy to 
the other electron which is excited into the continuum.  The existence of these autoionizing states 
provides an alternate path for the photoionization process, and this path is resonant. 
 
Figure 2.2 Excitation and autoionization of a doubly excited resonance state. 
Figure 2.2 shows an energy diagram shows the bound state and an autoionizing resonance state 
of an ( )ione + system. As shown in that figure, consider an atom X in ground state with energy
)(XEg . Then, there exists a continuum state consisting of +X  with ground state energy 
)( +XEg , plus an unbound electron. The excited state of the ion is given as )( +∗ XE . Now plenty 
 
Eg(X) 
Eg(X+) 
E**(X+nl)=E*(X+)-z2/v2nl 
E*(X+) 
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of doubly excited states with energy )( nlXE +∗∗ can occur, where both the ion and the free 
electron are in the excited state. These states are known as autoionizing states.  
2.5.2 Determining the position of resonances 
Once we have obtained the photoionization cross section, the next important task is to 
analyze the resonances. In order to figure out this important aspect of the photoionization cross 
section, we need to know some fundamental properties such as position and width of the 
resonances. Among the methods we use to analyze the resonances, the QB method [45, 46, 47] 
quantum defect theory [48] and Fano profile [50] play important roles.  
2.5.2.1 QB Method 
One of the main techniques adopted in this calculation to analyze resonances is the QB 
method [45, 46, 47] The QB program works well in the R-Matrix environment. The QB method 
uses the reactance matrix K  (defined below) which is computed in R-Matrix method.  
As mentioned before, R-Matrix theory starts by partitioning the configuration space into 
twp regions by a sphere of radius a . The connection between the two region happens through the 
R-Matrix. In the internal region, the total wave function ( )Eψ  at energy E is expanded in terms 
of the R-matrix basis states   
( ) ( ) arEAE
k
kk <=Ψ ∑ ψ .                                          (2.36) 
Let ( )rFi  and ( )rwik be projections of Ψ and ψ respectively onto each channel. Substituting 
(2.34) to Schrödinger equation and evaluating at the R-Matrix boundary gives the following 
basic R-Matrix equations:  
( ) FRwEA T 11 −−= ε , 
( ) ( )ERwwER buttleT += −1ε ,                                                                       (2.37) 
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where )(Eε is a diagonal matrix whose elements are ( )EEk −  and buttleR  is a diagonal matrix 
containing a correction. The dimensions of R is nn× , where n is the number of channels 
retained in the close coupling expansion.  
In the external region, the equations are taken to reduce to a couple of differential 
equations satisfied by ( )rFi .  
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where NZz −= is the residual target charge, il  and 2ik are the channel angular momenta and 
energies and ijV is the potential matrix. There are two independent solutions ),( rES and ( )rEC ,
with known asymptotic forms for ∞→r . Quantities such as reactance Κ and scattering matrices 
are obtained on matching the internal region radial functions F to onn× linear combinations of 
the external region radial functions S and C  for on open channels,  
( ) ( ) ( ) )(,,, ErECrESrEF Κ+= .                           (2.39)  
The Κ matrix is defined by equation (2.39) and is computed by matching the inner-region radial 
functions to 0nn×  linear combinations of the outer-region radial functions for 0n open channels 
(n is the total number of channels retained in the close-coupling exapansion). Diagonalizing the 
K matrix in open channels space leads to 00K , with eigenvalues iλ . The eigenphase for each 
channel is given by,  
0
1
,1tan niii ==
− λδ ,                                                       (2.40) 
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and the sum over all channels gives the eigenphase sum δ . The resonance position is computed 
as the energy of the maximum gradient δδ ′=dEd / .  
In QB method, the resonance width is calculated using the Breit-Wigner [48]  form of the 
eigenphase sum,  
( ) 





′−
Γ
+= −
EE
EE
res
2/
tan 1δδ
                                                   (2.41) 
where resE is the resonance energy, Γ is the resonance width and δ is the background 
eigenphase.  Differentiating, evaluating at resEE =  and assuming the background varies slowly 
over the resonances, the width of a resonance can be written as,  
( )resEδ ′
=Γ
2
.                                                                  (2.42) 
2.5.2.2 Quantum defect theory 
Quantum defect theory [49] is of great importance in spectroscopy for several reasons. 
The values of quantum defects are often used in identifying resonances and resonance series. 
This is because asymptotically, the quantum defects of the members of a series are constant.  In 
addition, knowing the position of resonances in a series can lead to the accurate determination of 
the ionization potential.  Moreover, once the quantum defects are found, the parameters of all of 
the resonances in the series up to infinite n are easily calculated. 
For an electron moving in an attractive Coulomb potential 
r
z−
 the energies of different 
eigenstates, in atomic units, can be written as,  
2
2
2
1
n
zEn −=  .                                                         (2.43) 
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For non-Counlomb potentials ( )rV , which behave as the Coulomb potential at large r, the 
binding energies are expressed in terms of effective quantum number nν , 
2
2
2
1
n
n
zE
ν
−= .                                                          (2.44) 
Then the quantum defect is defined as 
nn n νµ −= .                                                            (2.45) 
This quantity provides a measure of the difference between the actual )(rV and the hydrogenic 
r
z
− .  It is known that quantum defects are slowly varying functions of energy and therefore 
provide convenient ways of summarizing details of energy levels obtained in spectra.  
2.5.2.3 Fano profile   
When analyzing the resonances which are not symmetric with respect to the photon 
energy, the most powerful technique is to use Fano profile. According to the quantum 
mechanical analysis done by U. Fano [50], the photoionization cross section as a function of 
photon energy E in the vicinity of the resonance energy resE  can be represented as  
( ) ( )2
2
10 1 ε
ε
σσσ
−
−
+=
qE                                                     (2.46) 
where 0σ represents the slowly varying background cross section, 1σ represents the part of 
continuum cross section that interacts with discrete levels, q is the asymmetry or shape  
parameter and 
2/Γ
−
= res
EE
ε
                                                         (2.47) 
32 
where Γ is the natural (Lorentzian) line width. To extract the resonance features the resonances 
lines has to be fitted by the Fano profile.  
2.6 Confined atoms 
When we are performing atomic calculations on confined atoms, the most important 
thing is how to include the confinement in the calculation. In this calculation C60 shell is 
modeled by a spherical short-range attractive potential shell ( )rVc  having an inner radius 
auR 8.50 = , depth RyU 604.00 = [30,51] and thickness au9.1=∆ [35]. 


 ∆+≤≤<−
=
otherwise
RrRifU
rVc 0
,0)( 000
                                     (2.48) 
The atom is assumed to be stably trapped at the center of the spherical C60 cage. 
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Figure 2.3(a) Endohedrally confined atom in a C60 cage. (b) Spherically symmetric 
potential model used in the calculation as a function of radius. 
 
 
The whole system, including the C60 cage and the Mg atom are then spherically 
symmetric. This simplifies the problem to a great extent. In particular, to find basis electronic 
wave functions ( ) ( ) ( )φθψ ,1 lmnlnlm YrPrr −=  and electron energies nlε  of the endohedrally 
confined atom (n is the principal quantum number of a bound state or the electron energy ε in the 
continuum spectrum, l and m  are azimuthal quantum numbers) we still used the Hartree-Fock 
method and the multiconfiguration Hartree-Fock methods.  However, both the codes were 
 
U0 
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(b) 
(a) 
R0 R0 + ∆ 
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modified in order to include the spherical potential of the confinement. The equation given 
below shows how the C60 potential is embedded in the HF equation for N-electron system,  
( ) ( ) ( ) ( ) ( ) ( )[ ] ( )rrrrr
rr
rd
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r
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.           (2.49) 
2.6.1 Wood-Saxon potential 
When performing the calculations, to avoid any artifacts that might be produced by 
discontinuities in the confining potential at the boundaries, the square well spherically symmetric 
potential of the confinement is replaced with a potential model called Wood-Saxon potential WSV
[52],  
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In 2.50 in the first term is valid for 
20
∆
+≤ Rr and the second term is valid for 
20
∆
+> Rr . 
Where α is known as the diffuse parameter, 0U  is the well depth, 0R  is the radius of the C60 
potential. For 001.0=α the Wood-Saxon potential is very close to the square-well potential. As 
the diffusive parameter is increased the discontinuity at the boundary of the square-well potential 
becomes softer. This is illustrated in figure 2.4.  
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Figure 2.4 Different boundary walls for the confinement potential for different diffuse constants. 
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3     RESULTS AND DISCUSSION 
3.1 Target state energies 
In this study the photoionization of Mg in the vicinity of the 2p inner shell thresholds is 
considered. The process of photoionization is represented as  
eMghMg +→+ +ν .                                        (3.1) 
The states of Mg+ are known as the target states. The first step in the calculation is to get good 
wave functions for the target states.  A combination of two programs were used to obtain the 
wave functions of the target state, known as the Hartree-Fock (HF) program and the multi-
configuration Hartree-Fock program MCHF [39,40] . 
Conventional methods of configuration interaction theory have been used to construct the 
target wave functions. In this method, two types of radial functions are employed. First, 
spectroscopic orbitals, which can be explained well using a simple independent-particle model, 
and then correlational orbitals, which are included to improve the accuracy of the result. In this 
calculation, orbitals from s1  through p4 are included as spectroscopic orbitals, while 
pandsfd 55,4,4  are considered to be the correlational orbitals or pseudo-orbitals. An 
optimization procedure for correlational orbitals is also carried out in order to minimize the 
energy of the target states. Table 3.1 shows, which correlational orbital was optimized on which 
configuration.  
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Table 3.1Optimization of correlational orbitals of Mg on different configurations 
Correlational orbital 
Configuration on which the orbital 
is optimized 
d4  2p
6 3s             2S 
f4  2p5 3s 3p        2D 
s5  2p
5
 3s2            2P 
p5  2p
5
 3s2            2P 
 
Since the photoionization calculation is done at the Breit-Pauli level, considering all J splittings 
and considering all J=1 states, there were 28 target states. These 28 Mg+ states include 8 states 
with excitations from the 3s subshell to the spectroscopic orbitals (outer shell) and 20 states with 
excitations of a 2p electron to the spectroscopic orbitals (inner shell). In order to obtain good 
results for the inner shell photoionization cross section, more states with 2p electron excitation 
were used.   
The initial estimates of the target functions were done with the aid of Hartree-Fock 
[40,41] functions together with correlational orbitals. The target Hamiltonian is diagonalized in a 
configuration interaction representation. The configuration interaction complexes used for each 
of the target states are constructed by considering all possible single and double promotions from 
2p, 3s, 3p, 3d, 4s and 4p shells. However, the complexes then became very large, and the R-
Matrix program could not handle that many configurations. Due to this limitation in computing 
we had to get rid of some of the configurations, so that the program can handle the configuration 
set and calculate results in a fairly reasonable time. Thus, the configurations which had small 
coefficients were removed, assuming that they are not going to affect the results anyway. For this 
purpose a different program was written, which can control the criterion of excluding some 
configurations. Table 3.2 shows the energies of the 28 Mg+ states used in the calculation. Note 
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that the energies are given with respect to the ground state.  The ground state energy of the Mg+ 
was -199.8286 eV . However, while the R-matrix method gives rather good relative energies, 
absolute energies are often a bit off. To compensate for this, the whole spectrum of energies was 
shifted globally by 0.48 eV.  
 
Table 3.2 Target state (Mg+) energies obtained in this calculation with respect to the ground state of 
Mg (2p6 3s 2S) compared with NIST values where available. 
Mg+ State 
Energy 
(eV) 
NIST 
(eV) Electronic 
Configuration 
Term J 
2p6 3s 2S ½ 0.00 0.00 
2p6 3p 2P ½ 4.48 4.42 
2p6 3p 2P 3/2 4.49 4.43 
2p6 3d 2D 5/2 8.85 8.86 
2p6 3d 2D 3/2 8.85 8.86 
2p6 4s 2S 1/2 8.59 8.65 
2p6 4p 2P ½ 9.88 9.99 
2p6 4p 2P 3/2 9.88 9.99 
2p5 3s2 2P 3/2 49.53 49.92 
2p5 3s2 2P ½ 50.08 50.15 
2p5 3s3p 4S 3/2 53.24 53.18 
2p5 3s3p 4D 7/2 53.75 53.82 
2p5 3s3p 4D 5/2 53.81 53.89 
2p5 3s3p 4D 3/2 53.88 53.96 
2p5 3s3p 4D ½ 53.95 54.01 
2p5 3s3p 4P 5/2 54.19 54.25 
2p5 3s3p 4P 3/2 54.27 54.32 
2p5 3s3p 4P ½ 54.30  
2p5 3s3p 2D 3/2 54.41  
2p5 3s3p 2D 5/2 54.51 54.50  
2p5 3s3p 2P ½ 54.55  
2p5 3s3p 2P 3/2 54.62 54.72 
2p5 3s3p 2S 1/2 55.29  
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2p5 3s3p 2S 1/2 56.90  
2p5 3s3p 2D 5/2 57.03  
2p5 3s3p 2D 3/2 57.08  
2p5 3s3p 2P 3/2 57.24  
2p5 3s3p 2P 1/2 57.36  
 
The target state energies obtained in this calculation agree well with the energies of Mg+ 
given in the NIST data tables. However, some of the target state energies used in this calculation 
are not fully characterized in the NIST data, e.g., for different 2p5 3s 3p states. The present 
calculation, however, provides the complete designation to supplement the NIST data, along 
with the energies and designations of states not included at all in the NIST data. 
3.2 2p inner-shell photoionization cross section of Mg  
The calculated 2p inner-shell photoionization cross section for the incident photon energy 
range from 54 eV to 66 eV is given in figure 3.1. The figure shows the photoionization cross 
sections calculated using both length (red curve) and velocity (blue curve) gauges. The two 
results obtained from length and velocity gauges agree well, assuring the accuracy of the 
calculation. The maximum difference between the two curves was ~12%. 
Owing to the fact that Mg is an alkaline earth element, the photoionization cross section 
of Mg is dominated by autoionization. Since 28 target stated were used in the calculation, there 
are 28 thresholds in the cross section. However, some of them are very close to each other and 
not visible much when you look at the whole spectrum. Most of the resonances are very narrow 
and therefore the corresponding resonance states are rather long-lived. Also seen are few 
resonances which are significantly wider than the others, so that these resonance states decay 
rapidly.
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Figure 3.1 Total photoionization cross section of free Mg with different photon energies. The blue curve represents the 
photoionization cross section calculated using velocity gauge, while the red curve represents the photoionization cross section calculated 
using length gauge.  
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The very first inner shell threshold is 2p53s2 2P3/2 which we will abbreviate as 2p3/2. The 
corresponding photon energy of this threshold is 57.52 eV . The next threshold, which occurs at 
57.80 eV , is 2p1/2. Since photoionization of 2p inner shell of Mg is performed here, the 
important processes in this energy range are  
.3232
,3232
2526
2526
dnspsph
nsspsph
′→+
→+
ν
ν
                                          (3.2) 
Therefore, the resonances dominating the spectrum below the 2p3/2 and 2p1/2 threshold regions of 
the cross section are the 2p ns  and 2p nd autoionizing states. The two thresholds are separated by 
0.28 eV . Because of this, the resonances which decay into two thresholds are mixed together. 
Considering a KJ c coupling scheme, these resonance states were categorized into 5 different 
series. A resonance designated from KJ c  coupling is obtained by coupling a parent level cJ (J 
of core) to the orbital angular momentum of an ns (or nd) electron to obtain a resultant K , the K
value being enclosed in brackets. The spin of the external ns (or nd) electron is then coupled with 
the K angular momentum to obtain the J values.  Hence, the resonances which decay to 2p3/2 
and 2p1/2 thresholds belong to one of the five Rydberg series given below:   
• ( ) [ ]2/32 2/325 nsPp o  - series A 
• ( ) [ ]2/32 2/325 ndPp o - series B  
• ( ) [ ]2/12 2/325 ndPp o  - series C                                              
• ( ) [ ]2/12 2/125 nsPp o   - series D  
• ( ) [ ]2/32 2/125 ndPp o  - series E  
 
These resonances, which converge to the two 2p inner
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In addition, table 3.3 contains the identification, position and the width of the resonances, 
which belong to series A. 
 
Table 3.3Details of the resonances which belong to series A 
Label  
 
Resonance  
Designation 
Quantum  
Defect 
Resonance 
Position 
(this work) 
eV  
Resonnac
e width    
(this 
work) 
eV  
Resonan
ce 
Position 
(NIST) 
eV  
A1 2p5(2P3/2)4s[3/2] 1.76 54.801 2.821E-06 54.8 
A2 2p5(2P3/2)5s[3/2] 1.73 56.253 1.128E-05 55.278 
A3 2p5(2P3/2)6s[3/2] 1.71 56.784 3.915E-06 56.777 
A4 2p5(2P3/2)7s[3/2] 1.71 57.037 2.082E-06  
A5 2p5(2P3/2)8s[3/2] 1.70 57.179 1.071E-06  
 
The resonance positions of the members in series A, obtained in this calculation matches well 
with the available NIST data. However, NIST only provides the positions of the first three 
resonances only.  But, given the agreement here, we expect that the higher resonances will also 
be quite accurate. 
3.2.2 Resonance analysis of series B and C 
Resonances belonging to these series are ndp →2  type resonances. They all converge to 
2p3/2 threshold. The two series differ only as to how the excited and couples to the Jc = 3/2 core, 
so they are expected to be very close to each other.  In fact, we find the two series essentially 
degenerate. Figure 3.3 shows the photoionization cross section below the 2p3/2 threshold, with the 
labeled resonance belong to series B and C. Table 3.4 gives the information on the resonances 
belonging to series B and C.  
Figure 3.3 Photoionization cross section of free Mg below 2p3/2 threshold with labels for 
series B and C members. 
The resonance positions of the members in series B and C are compared with those 
values from the NIST in Table 3.4.  The resonance positions of the 
series agree well with the available NIST values.  Most of the resonance posit
are degenerate too, except for the second mem
about the accuracy of the NIST value
looked again.  
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ber of the two series; we have serious reservations 
s for the B2 and C2 resonances and suggest that they be 
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Table 3.4 Details of the resonances (series B and C) converging to 2p3/2. 
Label  
 
Resonance  
Designation 
 
Quantum 
Defect 
 
 
Resonance  
Position  
(this  
work) eV  
Resonance 
width    
(this work) 
eV  
Resonance 
Position 
(NIST) 
eV  
B1 2p5(2P3/2)3d[3/2] 0.40 55.513 6.200E-07 55.492 
C1 2p5(2P3/2)3d[1/2] 0.40 
 
55.513 
 
6.200E-07 55.492 
 B2 2p5(2P3/2)4d[3/2] 0.47 
 
56.428 
 
2.017E-06 56.342 
C2 2p5(2P3/2)4d[1/2] 0.47 
 
56.428 
 
2.017E-06 56.366 
 B3  2p5(2P3/2)5d[3/2] 0.50 
 
56.818 
 
6.406E-06 56.816 
 C3 2p5(2P3/2)5d[1/2] 0.50 
 
56.818 
 
6.406E-06 56.816 
 B4 2p5(2P3/2)6d[3/2] 0.45 
 
57.0798 
 
3.915E-06 57.0798 
 C4 2p5(2P3/2)6d[1/2] 0.45 
 
57.0798 
 
3.915E-06 57.0798 
 B5 2p5(2P3/2)7d[3/2] 0.49 
 
57.211 
 
8.179E-07 57.216 
 C5 2p5(2P3/2)7d[1/2] 0.49 
 
57.211 
 
8.179E-07 
 
3.2.3 Resonance analysis of series D and E 
Resonances belonging to these nsp →2  and ndp →2  series converge to the 2p1/2 
threshold.  Almost all the resonances in the region between 2p3/2 and 2p1/2 thresholds fit in either 
one of these series. Nevertheless, some members of series D and E are located below the 2p3/2 
threshold. Thus, our resonance analysis was started in the region between 2p3/2 and 2p1/2 
thresholds, due to the fact that there are only two series possible in this energy region. Then it 
was not extremely hard to identify two of the five series that occur below the 2p3/2 threshold and 
consequently the other three series. Figure 3.4 shows the photoionization cross section in the 
region between 2p3/2 and 2p1/2 thresholds with the labels of identified resonances in series D and 
E.  
Figure 3.4 Photoionization cross section of
with resonance identifications. 
 
Even though there are only two series possible, analyzing the resonances in the region 
between the two 2p thresholds was not an easy task either. The main reason for that is, the 
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method [45,46,47] was not very helpful at this point. Hence a different analytical method has 
been used to identify the resonances. When there is a pair of resonances occurring at the same 
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Table 3.5 lists all the information obtained about the series D and series E in the region 
between two 2p thresholds.  
Table 3.5 Resonance positions of the members in the D and E series in the region between two 2p 
thresholds. 
Label  
 
Resonance  
Designation 
 
 
Quantum 
defect  
 
Resonance  
Position  
(this  
work) eV  
Resonance 
Position 
(NIST) eV  
D6 2p5(2P1/2)9s[1/2] 1.71 
 
57.548 
 
 
E5 2p5(2P1/2)7d[3/2] 
 
0.48 57.547  
D7 2p5(2P1/2)10s[1/2] 1.71 
 
57.606 
 
 
E6 2p5(2P1/2)8d[3/2] 
 
0.44 57.604  
D8 2p5(2P1/2)11s[1/2] 1.71 
 
57.646 
 
 
E7 2p5(2P1/2)9d[3/2] 
 
0.43 57.644  
D9 2p5(2P1/2)12s[1/2] 1.71 
 
57.675 
 
 
E8 2p5(2P1/2)10d[3/2
] 
0.43 57.674  
 
The NIST tables do not list any of the resonances of the series D and E in the region 
between two 2p thresholds. However, information about the first few members of these series is 
listed in NIST. These resonances occur below the 2p3/2 threshold. Figure 3.5 shows the cross 
section with these resonances, while table 3.6 gives information about the resonances.  
Figure 3.5 Photoionization cross section for free Mg with r
E in the region below the 2p3/2 threshold.
   
Table 3.6 First members of the series D and E
which occur below 2p3/2 threshold
Label  
 
Resonance 
Designation
D1 2p5(2P1/2)4s[1/2]
E1 2p5(2P1/2)3d[3/2
] D2 2p5(2P1/2)5s[1/2]
E2 2p5(2P1/2)4d[3/2
] D3 2p5(2P1/2)6s[1/2]
E3 2p5(2P1/2)5d[3/2
] D4 2p5(2P1/2)7s[1/2]
E4 2p5(2P1/2)6d[3/2
] D5 2p5(2P1/2)8s[1/2]
D1 
esonances belong to series D and
 
 of photoionization cross section of free Mg
. 
 
 
 
Quantum 
defect 
Resonance 
Position (this 
work) eV  
Resonance 
Position (NIST) 
eV  
 1.77 
 
55.072 55.065
0.38 
 
55.856 55.839
 1.73 
 
56.531 56.544
0.47 
 
56.575 
 
 1.72 
 
57.062 57.039
0.45 
 
57.174 57.080
 1.71 
 
57.318 57.302
0.42 
 
57.333  
 1.70 
 
57.461  
D2 
D3 
E1 
E2 
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3.3 Analysis of photoionization cross section for free Mg 
As mentioned earlier, autoionizing states were analyzed using the QB method, the Fano 
profile and quantum defect theory. It is worthwhile to look at some interesting features of the 
cross section as well as the results obtained in resonance analysis.  Five Rydberg series are 
identified here. Three of them (series A, B and C) converge to the 2p3/2 threshold, while the other 
two (D and E) are converging to the 2p1/2 threshold. It is interesting to see that the similar 
members in the series converging to two 2p thresholds are separated by the same separation as 
the two thresholds. For example, in this calculation the difference between two 2p threshold 
values was 0.28 eV. The separation between two resonances 2p5(2P3/2)4s[3/2] and 2p5(2P1/2)4s[1/2]  
has also became ~0.28 eV. Note that the two resonances considered here converge to 2p3/2 and 
2p1/2 thresholds correspondingly.  Moreover, almost all other match up resonances are separated 
by almost the same value.  
According to the selection rules, 2p inner-shell photoionization can happen mainly in two 
ways, i.e., ndp →2  and nsp →2 transitions.  The possible resonance series were obtained 
considering these processes. However, there were resonances which do not belong to any of the 
series we considered. The presence of these resonances was confirmed for two reasons. First the 
obvious reason, those resonances were not categorized as belonging to any series, using the 
techniques we used in resonance analysis. Secondly, all the members in the other series were 
identified in the region we were interested in. Therefore, it is logical enough to think that these 
resonances did not belong to any of the series. Nevertheless, these resonances were found in the 
calculation.  They are identified as double excitations, 2p5 3s 3p2 states, which converge to the 
2p5 3s 3p thresholds. The experimental results of Wehliz and Juranic [17] reported some 
resonances which could not identified, and we believe that we now have identified them. In 
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addition, the NIST atomic structural data includes some of these resonances listed in the photon 
energy range that we considered. However, the issue is since we have used twenty 2p5 3s 3p 
states, there will be a number of 2p5 3s 3p2 autoionizing states, even though we only consider 
states with J=1, which are the only possible final starts in a photoionization process with a J=0 
initial state. Furthermore, some of these resonances occur at low photon energy and get 
somewhat mixed with the resonances which belong to the five Rydberg series. For these reasons, 
identifying and characterizing these resonances was not so easy. However, we identified two of 
those resonances with the help of NIST data and these agree well with the NIST values.  In 
addition we have identified several other 2p5 3s 3p2 resonances, nevertheless exact identification 
of those that was challenging. 
 
Table 3.7 Identified 2p5 3s3p2 autoionizing resonances of free Mg with their positions with 
respect  to photon energy 
Resonance Present Calculation (eV)  NIST (eV) 
2p5 3s(3P)3p2 (3P)  3P 55.17 54.96 
2p5 3s(1P)3p2 (1D)  1P 55.675 55.678 
2p5 3s(3P)3p2 (3P)  5P 56.93  
2p5 3s(3P)3p2 (3P)  5D 57.28  
2p5 3s(1P)3p2 (3P)  3D 57.30  
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3.4 Photoionization calculation of Mg@C60 
Since we obtained reasonably good results for the free Mg case, the calculation was 
extended for Mg@C60, endohedrally confined Mg. The calculations were carried out using the 
same methodology as the free Mg. However, due to the unavailability of experimental or other 
theoretical data, the results obtained for photoionization of Mg@C60 could not be compared. In 
addition, understanding the results for Mg confined in a well representing C60 confinement was 
quite difficult insofar as identifying and designating the various resonances was concerned 
because the positions changed considerable from the free atom. To deal with this difficulty, a 
number of intermediate stages were calculated and analyzed, varying the potential depth of the 
confinement; calculations were done changing the depth of the model potential 0U  from 0.1 Ry 
through 0.604 Ry with a step of 0.1 Ry.  Hence, the analysis done for free Mg is traced through 
the various depth stages and ultimately we obtained a proper analysis for Mg@C60. The next few 
subsections of this chapter present the results obtained for those intermediate steps and 
corresponding analysis.  
3.4.1 Target state energies of confined Mg for different well depths 
Similar to the free Mg case, the wavefunctions  of the target states were calculated to 
begin with. The programs which were used in the free calculation were modified in order to 
obtain the results for the Mg@C60 case. The confinement potential was included in the total 
Hamiltonian in order to compensate the C60 cage,  
∑
+
=
+ +=
1
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Similar to the free case, 1s, 2s, 2p, 3s, 3p, 3d, 4s and 4p were taken as spectroscopic 
orbitals, and sfd 5,4,4  and p5 were included as correlational orbitals. All together 28 target 
states were used, and single and double promotions from these target states were employed in 
order to obtain the configurations required for the calculation.  Nevertheless, due to limitations in 
the R-Matrix program, as discusses in the case of free Mg, the configurations with very small 
coefficients were removed first. Then a configuration interaction calculation was performed with 
the remaining configurations in order to obtain the target state wave functions. Table 3.7 shows 
how the target energy changes with the evolution of well depth U0.   
When we look at the target state energies of different well depths, we can clearly see how 
the confinement potential affects the target states. Particularly, the target state energies of the 
outer shell configurations change a lot, while that of inner shell configuration states tend to 
remain relatively constant  The differences in the target state energies can be explained by the 
fact that the outer shells sample the confining well more than the inner shells.  However, these 
Mg+ state energies show that the electrons get more bound in the presences of the confining well.  
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Table 3.8 Target state energies for confined Mg+ with varying potential depth values.  
Mg+ State 
Energy (eV) for different well depths U0 
Electronic 
Configuration 
Term J 
U0=0.1Ry U0=0.2Ry U0=0.3Ry U0=0.4Ry U0=0.5Ry U0=0.6Ry 
2p6 3s 2S 1/2 0.00 0.00 0.00 0.00 0.00 0.00 
2p6 3p 2P 1/2 4.02 3.73 3.65 3.53 3.29 2.98 
2p6 3p 2P 3/2 4.03 3.74 3.66 3.53 3.29 2.98 
2p6 3d 2D 5/2 8.16 7.89 7.17 6.99 6.09 5.62 
2p6 3d 2D 3/2 8.16 7.89 7.17 6.99 6.09 5.62 
2p6 4s 2S 1/2 7.98 7.04 6.62 5.98 5.29 4.89 
2p6 4p 2P 1/2 9.39 8.54 8.22 7.71 7.19 6.87 
2p6 4p 2P 3/2 9.39 8.55 8.23 7.71 7.19 6.87 
2p5 3s2 2P 3/2 50.01 50.17 50.09 50.24 50.28 50.19 
2p5 3s2 2P 1/2 50.39 50.43 50.38 50.59 50.56 50.68 
2p5 3s3p 4S 3/2 53.42 53.49 53.69 53.72 53.65 53.84 
2p5 3s3p 4D 7/2 54.22 54.42 54.26 54.35 54.37 54.50 
2p5 3s3p 4D 5/2 54.28 54.48 54.40 54.52 54.53 54.54 
2p5 3s3p 4D 3/2 54.36 54.55 54.59 54.67 54.79 54.87 
2p5 3s3p 4D 1/2 54.42 54.60 54.57 54.90 54.63 54.78 
2p5 3s3p 4P 5/2 54.55 54.71 54.65 54.73 54.84 54.88 
2p5 3s3p 4P 3/2 54.64 54.80 54.74 54.85 54.96 55.08 
2p5 3s3p 4P 1/2 54.67 54.82 54.74 54.98 55.09 55.29 
2p5 3s3p 2D 3/2 54.88 54.89 54.83 54.76 54.86 55.05 
2p5 3s3p 2D 5/2 54.98 55.04 54.99 54.87 55.07 55.15 
2p5 3s3p 2P 1/2 55.02 55.05 55.15 55.23 55.34 55.39 
2p5 3s3p 2P 3/2 55.08 55.08 55.20 55.28 55.29 55.47 
2p5 3s3p 2S 1/2 55.75 55.79 55.71 55.72 55.75 55.72 
2p5 3s3p 2S 1/2 57.50 57.53 57.69 57.97 57.45 58.02 
2p5 3s3p 2D 5/2 57.34 57.35 57.45 58.05 58.22 58.13 
2p5 3s3p 2D 3/2 57.47 57.49 57.58 57.87 57.93 58.28 
2p5 3s3p 2P 3/2 57.68 57.92 57.45 57.63 57.83 57.58 
2p5 3s3p 2P 1/2 57.79 57.83 57.63 57.84 57.93 58.25 
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3.4.2 Ground state ionization energy of confined Mg  
The ground state ionization energy increases somewhat with increasing well depth; table 
3.8 lists these energies. Once more it shows that the Mg electrons get more bound in the presence 
of the confining well. This effect becomes more conspicuous as the well depth increases.  
 
Table 3.9 Ground state (2p63s2) ionization energy of free Mg and confined Mg at different well 
depths 
U0 (Ry) 
Ionization energy 
au eV 
0.0 (free Mg)  0.5803 7.89 
0.1 0.5901 8.02 
0.2 0.6097 8.29 
0.3 0.6286 8.55 
0.4 0.6414 8.73 
          0.5 0.6660 9.01 
0.604 0.6799 9.25 
    
The actual ground state ionization potential for Mg@C60 turns out to be 9.25 eV.  Figure 
3.6 shows the variation of ground state ionization energy as a function of potential depth.  Note 
that U0 = 0.00 Ry corresponds to the free Mg case.   
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Figure 3.6 Ground state ionization energy of Mg@C60 for different well depths U0 
 
3.4.3 Evolution of 2p inner-shell photoionization cross section for various well depths 
The same method discussed above is used to identify the resonances in the photoionization 
cross section for confined Mg. The cross section was obtained for different well depths and the 
trajectories of the resonances were followed from free Mg to Mg@C60 which allowed us to 
identify them..  
A modified HF program and  MCHF program were used to obtain the wavefunctions of the 
target states. Just like the free case, the R-Matrix program was used to calculate the cross section 
Ry 
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and QB method and quantum defect theory were used to identify the resonances. Then, we 
identified the same resonance series that were seen for free Mg:  
• ( ) [ ]2/32 2/325 nsPp o  - series A 
• ( ) [ ]2/32 2/325 ndPp o - series B  
• ( ) [ ]2/12 2/325 ndPp o  - series C                                              
• ( ) [ ]2/12 2/125 nsPp o   - series D  
• ( ) [ ]2/32 2/125 ndPp o  - series E  
3.4.4 Photoionization cross section and resonance analysis for U0=0.1 Ry 
Figure 3.7 shows the photoionization cross section for a well depth of 0.1Ry. It can be 
clearly seen that the threshold energies have increased with the presence of the well, even though 
the well depth is very small; only length gauge results are shown since length and velocity agree 
quite well.  Table 3.9 lists the positions of the first few members of the  five autoionizing series 
mentioned above.  
With the introduction of the well, even though it is very shallow, the shapes and the 
positions of the resonances have changed. As we can see some of the resonances at the lower 
photon energies move to the lower energy, while the next few members below the 2p3/2 threshold 
move to the higher photon energy. The shapes of the broad resonances that appear above the 
2p1/2 threshold have changed considerably with the presence of the confinement well. As in the 
free case, ost of the resonances below the two 2p thresholds are very narrow, owing to the fact 
that they are very stable autoionizing resonance states and have long lifetimes..  
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Figure 3.7 Total photoionization cross section in length gauge for confined Mg with well depth U0 = 0.1Ry. 
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Table 3.10 Resonance positions of the first few members in the five Rydberge series, for the 
potential depth of 0.1 Ry of Mg@C60 
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this 
work) eV  
Label  
 
Resonance  
Designation 
Resonan
ce 
Position 
(this 
work) 
eV  
A1 2p5(2P3/2)4s[3/2] 54.46 E5 2p5(2P1/2)7d[3/2] 
 
57.58 
A2 2p5(2P3/2)5s[3/2] 56.32 D7 2p5(2P1/2)10s[1/2 57.73 
A3 2p5(2P3/2)6s[3/2] 56.88 E6 2p5(2P1/2)8d[3/2] 
 
57.67 
A4 2p5(2P3/2)7s[3/2] 57.15 D8 2p5(2P1/2)11s[1/2 57.77 
A5 2p5(2P3/2)8s[3/2] 57.30 E7 2p5(2P1/2)9d[3/2] 
 
57.73 
B1 2p5(2P3/2)3d[3/2] 55.46 D9 2p5(2P1/2)12s[1/2 57.80 
C1 2p5(2P3/2)3d[1/2] 55.46 E8 2p5(2P1/2)10d[3/2
] 
57.77 
B2 2p5(2P3/2)4d[3/2] 56.50 D1 2p5(2P1/2)4s[1/2] 54.72 
C2 2p5(2P3/2)4d[1/2] 56.50 E1 2p5(2P1/2)3d[3/2] 
 
55.85 
B3  2p5(2P3/2)5d[3/2] 56.89 D2 2p5(2P1/2)5s[1/2] 56.60 
C3 2p5(2P3/2)5d[1/2] 57.89 E2 2p5(2P1/2)4d[3/2] 
 
56.77 
B4 2p5(2P3/2)6d[3/2] 57.17 D3 2p5(2P1/2)6s[1/2] 57.16 
C4 2p5(2P3/2)6d[1/2] 57.17 E3 2p5(2P1/2)5d[3/2] 
 
57.18 
B5 2p5(2P3/2)7d[3/2] 57.30 D4 2p5(2P1/2)7s[1/2] 57.43 
C5 2p5(2P3/2)7d[1/2] 57.30 E4 2p5(2P1/2)6d[3/2] 
 
57.17 
D6 2p5(2P1/2)9s[1/2] 57.67 D5 2p5(2P1/2)8s[1/2] 57.54 
 
3.4.5 Photoionization cross section and resonance analysis for U0=0.2 Ry 
Figure 3.8 shows the photoionization cross section for confined Mg, for a well depth of 
0.2 Ry. Table 3.10 lists the autoionizing resonance positions for the first few members of the five 
series. 
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Figure 3.8 Photoionization cross section for confined Mg for a depth of 0.2 Ry using the length gauge. 
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Table 3.11 Resonance positions of the first few members in the five Rydberg series, for the potential 
depth of 0.2 Ry, of Mg@C60 
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this 
work) eV  
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this work) 
eV  
A1 2p5(2P3/2)4s[3/2] 54.09 E5 2p5(2P1/2)7d[3/2] 
 
57.75 
A2 2p5(2P3/2)5s[3/2] 56.46 D7 2p5(2P1/2)10s[1/2] 57.91 
A3 2p5(2P3/2)6s[3/2] 56.95 E6 2p5(2P1/2)8d[3/2] 
 
57.85 
A4 2p5(2P3/2)7s[3/2] 57.25 D8 2p5(2P1/2)11s[1/2] 57.95 
A5 2p5(2P3/2)8s[3/2] 57.45 E7 2p5(2P1/2)9d[3/2] 
 
57.91 
B1 2p5(2P3/2)3d[3/2] 55.40 D9 2p5(2P1/2)12s[1/2] 57.98 
C1 2p5(2P3/2)3d[1/2] 55.40 E8 2p5(2P1/2)10d[3/2] 
 
57.96 
B2 2p5(2P3/2)4d[3/2] 56.58 D1 2p5(2P1/2)4s[1/2] 54.36 
C2 2p5(2P3/2)4d[1/2] 56.58 E1 2p5(2P1/2)3d[3/2] 
 
55.72 
B3  2p5(2P3/2)5d[3/2] 57.06 D2 2p5(2P1/2)5s[1/2] 56.74 
C3 2p5(2P3/2)5d[1/2] 57.06 E2 2p5(2P1/2)4d[3/2] 
 
56.79 
B4 2p5(2P3/2)6d[3/2] 57.32 D3 2p5(2P1/2)6s[1/2] 57.24 
C4 2p5(2P3/2)6d[1/2] 57.32 E3 2p5(2P1/2)5d[3/2] 
 
57.34 
B5 2p5(2P3/2)7d[3/2] 57.47 D4 2p5(2P1/2)7s[1/2] 57.54 
C5 2p5(2P3/2)7d[1/2] 57.47 E4 2p5(2P1/2)6d[3/2] 
 
57.58 
D6 2p5(2P1/2)9s[1/2] 57.85 D5 2p5(2P1/2)8s[1/2] 57.73 
 
3.4.6 Photoionization cross section and resonance analysis for U0=0.3 Ry 
In the next step, the photoionization cross section for confined Mg with a well depth of 
0.3 Ry is calculated. The total cross section is shown in the figure 3.9 . Results obtained  in 
resonance analysis is given in table 3.11 . 
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Figure 3.9 Photoionization cross section for confined Mg with a well depth of 0.3 Ry, calculated using length gauge. 
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Table 3.12 Resonance positions of the first few members in the five Rydberge series, for the 
potential depth of 0.3 Ry of Mg@C60 
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this work) 
eV  
Label  
 
Resonance  
Designation 
Resonanc
e Position 
(this 
work) eV  
A1 2p5(2P3/2)4s[3/2] 53.65 E5 2p5(2P1/2)7d[3/2] 
 
57.84 
A2 2p5(2P3/2)5s[3/2] 56.56 D7 2p5(2P1/2)10s[1/2] 58.06 
A3 2p5(2P3/2)6s[3/2] 57.14 E6 2p5(2P1/2)8d[3/2] 
 
58.01 
A4 2p5(2P3/2)7s[3/2] 57.38 D8 2p5(2P1/2)11s[1/2] 58.11 
A5 2p5(2P3/2)8s[3/2] 57.55 E7 2p5(2P1/2)9d[3/2] 
 
58.06 
B1 2p5(2P3/2)3d[3/2] 54.89 D9 2p5(2P1/2)12s[1/2] 58.14 
C1 2p5(2P3/2)3d[1/2] 54.89 E8 2p5(2P1/2)10d[3/2] 
 
58.12 
B2 2p5(2P3/2)4d[3/2] 56.59 D1 2p5(2P1/2)4s[1/2] 53.93 
C2 2p5(2P3/2)4d[1/2] 56.59 E1 2p5(2P1/2)3d[3/2] 
 
55.76 
B3  2p5(2P3/2)5d[3/2] 57.18 D2 2p5(2P1/2)5s[1/2] 56.84 
C3 2p5(2P3/2)5d[1/2] 57.18 E2 2p5(2P1/2)4d[3/2] 
 
56.87 
B4 2p5(2P3/2)6d[3/2] 57.48 D3 2p5(2P1/2)6s[1/2] 57.42 
C4 2p5(2P3/2)6d[1/2] 57.48 E3 2p5(2P1/2)5d[3/2] 
 
57.49 
B5 2p5(2P3/2)7d[3/2] 57.57 D4 2p5(2P1/2)7s[1/2] 57.67 
C5 2p5(2P3/2)7d[1/2] 57.57 E4 2p5(2P1/2)6d[3/2] 
 
57.75 
D6 2p5(2P1/2)9s[1/2] 58.02 D5 2p5(2P1/2)8s[1/2] 57.82 
 
3.4.7 Photoionization cross section and resonance analysis for U0=0.4 Ry 
Figure 3.10 shows the photoionization cross section for a well depth of 0.4 Ry. The 
effects of the confining potential have become more noticeable now.  Table 3.12 lists the 
positions of the first few members of the five series. 
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Figure 3.10 Photoionization cross section for confined Mg with U0=0.4 Ry, calculated using length gauge.  
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Table 3.13 Resonance positions of the first few members in the five series, for the potential depth of 
0.4 Ry, of Mg@C60 
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this 
work) eV  
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this 
work) eV  
A1 2p5(2P3/2)4s[3/2] 53.64 E5 2p5(2P1/2)7d[3/2] 
 
58.73 
A2 2p5(2P3/2)5s[3/2] 56.65 D7 2p5(2P1/2)10s[1/2] 58.90 
A3 2p5(2P3/2)6s[3/2] 57.94 E6 2p5(2P1/2)8d[3/2] 
 
58.87 
A4 2p5(2P3/2)7s[3/2] 58.22 D8 2p5(2P1/2)11s[1/2] 58.95 
A5 2p5(2P3/2)8s[3/2] 58.43 E7 2p5(2P1/2)9d[3/2] 
 
58.93 
B1 2p5(2P3/2)3d[3/2] 54.84 D9 2p5(2P1/2)12s[1/2] 58.99 
C1 2p5(2P3/2)3d[1/2] 54.84 E8 2p5(2P1/2)10d[3/2] 
 
58.97 
B2 2p5(2P3/2)4d[3/2] 56.65 D1 2p5(2P1/2)4s[1/2] 53.92 
C2 2p5(2P3/2)4d[1/2] 56.65 E1 2p5(2P1/2)3d[3/2] 
 
55.75 
B3  2p5(2P3/2)5d[3/2] 57.95 D2 2p5(2P1/2)5s[1/2] 56.94 
C3 2p5(2P3/2)5d[1/2] 57.95 E2 2p5(2P1/2)4d[3/2] 
 
57.70 
B4 2p5(2P3/2)6d[3/2] 58.33 D3 2p5(2P1/2)6s[1/2] 58.23 
C4 2p5(2P3/2)6d[1/2] 58.33 E3 2p5(2P1/2)5d[3/2] 
 
58.34 
B5 2p5(2P3/2)7d[3/2] 58.46 D4 2p5(2P1/2)7s[1/2] 58.51 
C5 2p5(2P3/2)7d[1/2] 58.46 E4 2p5(2P1/2)6d[3/2] 
 
58.61 
D6 2p5(2P1/2)9s[1/2] 58.83 D5 2p5(2P1/2)8s[1/2] 58.71 
 
3.4.8 Photoionization cross section and resonance analysis for U0=0.5 Ry 
Figure 3.11 shows the photoionization cross section for a well depth of 0.5 Ry. Table 
3.13 lists the positions of the initial autoionizing resonances of the five series. 
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Figure 3.11 Photoionization cross section of confined Mg with U0=0.5 Ry, calculated using length gauge.  
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Table 3.14 Resonance positions of the first few members in the five series, for the potential depth of 
0.5 Ry, of Mg@C60 
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this work) 
eV  
Label  
 
Resonance  
Designation 
Resonanc
e Position 
(this 
work) eV  
A1 2p5(2P3/2)4s[3/2] 53.25 E5 2p5(2P1/2)7d[3/2] 
 
58.93 
A2 2p5(2P3/2)5s[3/2] 57.13 D7 2p5(2P1/2)10s[1/2 59.14 
A3 2p5(2P3/2)6s[3/2] 57.96 E6 2p5(2P1/2)8d[3/2] 
 
59.13 
A4 2p5(2P3/2)7s[3/2] 58.42 D8 2p5(2P1/2)11s[1/2 59.19 
A5 2p5(2P3/2)8s[3/2] 58.66 E7 2p5(2P1/2)9d[3/2] 
 
59.19 
B1 2p5(2P3/2)3d[3/2] 54.74 D9 2p5(2P1/2)12s[1/2 59.22 
C1 2p5(2P3/2)3d[1/2] 54.74 E8 2p5(2P1/2)10d[3/2
] 
59.21 
B2 2p5(2P3/2)4d[3/2] 57.16 D1 2p5(2P1/2)4s[1/2] 53.54 
C2 2p5(2P3/2)4d[1/2] 57.16 E1 2p5(2P1/2)3d[3/2] 
 
55.74 
B3  2p5(2P3/2)5d[3/2] 58.21 D2 2p5(2P1/2)5s[1/2] 57.40 
C3 2p5(2P3/2)5d[1/2] 58.21 E2 2p5(2P1/2)4d[3/2] 
 
57.46 
B4 2p5(2P3/2)6d[3/2] 58.28 D3 2p5(2P1/2)6s[1/2] 58.25 
C4 2p5(2P3/2)6d[1/2] 58.28 E3 2p5(2P1/2)5d[3/2] 
 
58.46 
B5 2p5(2P3/2)7d[3/2] 58.65 D4 2p5(2P1/2)7s[1/2] 58.68 
C5 2p5(2P3/2)7d[1/2] 58.65 E4 2p5(2P1/2)6d[3/2] 
 
58.56 
D6 2p5(2P1/2)9s[1/2] 59.06 D5 2p5(2P1/2)8s[1/2] 58.93 
 
3.4.9 Photoionization cross section and resonance analysis for U0=0.6 Ry 
Figure 3.12 shows the photoionization cross section for a well depth of 0.6 Ry. This well 
depth is the actual model of the C60 confinement. The previously explained detailed calculation 
was done in this case as well.. Table 3.14  lists the positions of the first few resonances  of the 
five series. 
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Figure 3.12 Photoionization cross section of Mg@C60 (well depth = 0.604 Ry), calculated using length gauge. 
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Table 3.15 Resonance positions of the first few members in the five series, for the potential 
depth of 0.6 Ry of Mg@C60 
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this 
work) eV  
Label  
 
Resonance  
Designation 
Resonance 
Position 
(this 
work) eV  
A1 2p5(2P3/2)4s[3/2] 52.98 E5 2p5(2P1/2)7d[3/2] 
 
59.49 
A2 2p5(2P3/2)5s[3/2] 57.31 D7 2p5(2P1/2)10s[1/2] 57.73 
A3 2p5(2P3/2)6s[3/2] 58.52 E6 2p5(2P1/2)8d[3/2] 
 
59.69 
A4 2p5(2P3/2)7s[3/2] 58.23 D8 2p5(2P1/2)11s[1/2] 57.77 
A5 2p5(2P3/2)8s[3/2] 58.85 E7 2p5(2P1/2)9d[3/2] 
 
57.73 
B1 2p5(2P3/2)3d[3/2] 54.57 D9 2p5(2P1/2)12s[1/2] 57.80 
C1 2p5(2P3/2)3d[1/2] 54.57 E8 2p5(2P1/2)10d[3/2
] 
57.76 
B2 2p5(2P3/2)4d[3/2] 57.71 D1 2p5(2P1/2)4s[1/2] 53.25 
C2 2p5(2P3/2)4d[1/2] 57.71 E1 2p5(2P1/2)3d[3/2] 
 
55.72 
B3  2p5(2P3/2)5d[3/2] 58.61 D2 2p5(2P1/2)5s[1/2] 57.60 
C3 2p5(2P3/2)5d[1/2] 58.61 E2 2p5(2P1/2)4d[3/2] 
 
57.98 
B4 2p5(2P3/2)6d[3/2] 59.01 D3 2p5(2P1/2)6s[1/2] 58.81 
C4 2p5(2P3/2)6d[1/2] 59.01 E3 2p5(2P1/2)5d[3/2] 
 
58.86 
B5 2p5(2P3/2)7d[3/2] 59.21 D4 2p5(2P1/2)7s[1/2] 58.51 
C5 2p5(2P3/2)7d[1/2] 59.21 E4 2p5(2P1/2)6d[3/2] 
 
59.29 
D6 2p5(2P1/2)9s[1/2] 59.65 D5 2p5(2P1/2)8s[1/2] 59.13 
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3.5 Evolution of photoionization cross section with potential depth  
Once the calculations were completed, the photoionization cross section and the 
characteristic properties were analyzed as a function of well depth. As mentioned, the reason for 
doing the calculation in steps where the potential depth changed in small increments, is to 
understand the resonance structure in Mg@C60  which is rather significantly different from free 
Mg; this is exacerbated by the absence of any experiment in the confined case. However, still the 
analysis was not straightforward, and many things needed to be considered, especially when 
assigning a designation to a resonance.  
The QB program was used to find the positions of the resonances. Along with the results 
obtained from QB program, quantum defect theory was deployed. Figure 3.13 shows how the 
position of the autoionizing resonances change in photon energy changes as a function of well 
depth. The designation of the curves in figure 3.13 is as follows:  
 A -  2p5(2P3/2)4s[3/2]  
B -  2p5(2P1/2)4s[1/2] 
C - 2p5(2P3/2)3d[3/2] and 2p5(2P3/2)3d[1/2] 
D - 2p5(2P3/2)5s[3/2] 
E - 2p5(2P3/2)4d[3/2] and 2p5(2P3/2)4d[1/2] 
 
For C and E there are two resonances involved. This is because those two resonaces are 
degenerate and essentially occur at the same photon energy. In figure 3.13 potential depth of zero 
Rydberg refers to the free Mg case. It can be seen clearly that the presence of the confinement 
potential made a dramatic change to the positions of the resonances.  For simplicity only the 
trajectory of the first few members are shown here in this figure. However, to identify the other 
resonances a similar approach was used.  
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Figure 3.13 Variation of the first few autoionizing resonances of the photoionization cross 
section of Mg@C60, for different well depths as a function of photon energy; see text for the 
designation of each resonance. 
 
Out of the five resonances shown above, four resonances A, C, D and E converge to the 
2p3/2 threshold. Resonance B converges to the 2p1/2 threshold. When we look at the evolution of 
the resonances with the potential depth, we observe very interesting behavior. Specifically, 
resonances A, B and C move towards lower photon energy with increasing well depth, but 
resonances D and E move towards higher photon energy with increasing well depth.  As a matter 
of fact altogether there are six resonances which show this unusual behavior of moving towards 
lower photon energy as the well depth increases. Those six resonance states are,: 
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• 2p5(2P3/2)4s[3/2] 
• 2p5(2P1/2)4s[1/2] 
• 2p5(2P3/2)3d[3/2] and 2p5(2P3/2)3d[1/2] 
• 2p5(2P1/2)3d[3/2] 
• 2p5 (2Po) 3s 3p2 (4P)  
• 2p5 (2Po) 3s 3p2 (2D) 
The resonances involving 3p, 3d and 4s shows this interesting pattern, while all of the other 
resonances involving other orbitals move towards higher photon energy. Clearly this is no 
accident.  With the introduction of the potential well, one would expect to observe resonance 
states at higher photon energy, owing to the fact that electrons get more bound with the presence 
of the attractive potential. However, this calculation shows that it is always not the case. To 
understand this behavior, binding energies of these orbitals were calculated. In addition, the 
wave functions were studied.  
Table 3.16 Binding energies of 3d,4s ,4d and 5s single orbitals of Mg@C60 for different well 
depths.  
Orbital free 
eV 
0.1 Ry 
eV 
0.2 Ry 
eV 
0.3 Ry 
eV 
0.4 Ry 
eV 
0.5 Ry 
eV 
0.6 Ry 
eV 
4s  5.14 6.02 7.06 8.23 9.52 10.90 12.42 
3d 3.19 3.82 4.67 5.69 6.85 8.13 9.59 
4d 1.79 1.91 2.00 2.05 2.09 2.11 2.13 
5s 2.46 2.59 2.68 2.75 2.80 2.85 2.88 
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Table 3.15 shows the evolution binding energies of the 3d, 4s, 4d and 5s orbitals as a 
function of the well depth. The reason for selecting 3d, 4s, 4d and 5s orbitals is two of them were 
involved with the resonances that moved to lower photon energy and the other two involved with 
the resonances moved to higher photon energy with increasing potential well depth. It is clear 
from the table that these orbitals behave very differently with increasing well depth; while all of 
the orbitals become more bound with increasing well depth, the 3d and 4s energies increase by 6 
to 7 eV in going from Mg to Mg@C60, 4d and 5s increase only by a few tenths of an eV.  Clearly 
there is a qualitative difference among these orbitals.   Looking at the wave functions, shown in 
figures 3.14 through 3.17, we see that 3d and 4s get trapped in the well so their binding energies 
are much greater and they can be accessed at a lower photon energy from 2p. However, the 
orbitals 4d and 5s do not get trapped as much as 3d and 4s so they move to higher photon energy.  
And this must be true for all higher resonances as well.  In any case, it is evident that the C60 
well traps some low-lying resonances which changes their properties considerably. 
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Figure 3.14 Wavefunctions of 3p orbitals as the depth of the well increases 
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Figure 3.15 Wavefunction of 3d orbital with the presence of potential well 
 
 
 
Figure 3.16 Wavefunction of 4s orbital with the presence of potential well 
 
 
P n
l(r
) 
r (a.u.) 
75 
 
 
Figure 3.17 Wavefunction of 5s orbital with the presence of potential well 
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3.5.1 Evolution of  quantum defect with potential depth  
In analyzing the resonances quantum defect theory was used extensively. As a result the 
quantum defects and the effective quantum number were calculated in connection with the 
analysis of the resonances. Hence it is interesting to see how the effective quantum number and 
quantum defect behaves as a function of the external attractive potential. Figures 3.18 through 
3.21 shows how the quantum defect changes for 4s, 3d, 4d and 5s with the potential depth 
respectively. It can be seen that, as the well deepens the, quantum defect increases. This confirms 
that the electrons get more bound with the presence of the potential well.  
 
Figure 3.18 Quantum defect for 4s as a function of well depth of Mg@C60 
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Figure 3.19 Quantum defect
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0.7
Figure 3.20 Quantum defect
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Figure 3.21  Quantum defect
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3.5.2 Evolution of the 2p threshold energies with the potential depth  
The threshold energies of 2p inner-shell are among the features that are affected by the external 
attractive potential.  Both 2p3/2  and 2p1/2 threshold energies increase with the increase of the 
potential depth, as seen in Table 3.16.  Furthermore, it is of interest to note that the difference 
between the two threshold energies remains the same, even though the individual energies 
change.  This is because the splitting between the two thresholds, the spin-orbit splitting, is 
determined quite close to the nucleus since the spin-orbit Hamiltonian goes as 1/r3. As a result, 
the corresponding resonance states decaying to the two 2p thresholds are separated by almost the 
same difference for the various external well depths.  In particular, the various resonance series 
in free and confined Mg converging to the two thresholds remain the same energy distance apart.  
This should be a general phenomenon and should help in identifying resonances in complex 
confined systems. 
Table 3.17  Mg 2p thresholds, 2p3/2 and 2p1/2, for various well depths. 
Potential 
Depth (Ry) 
2p3/2 threshold 
(eV)  
2p1/2 threshold 
(eV) 
Difference between 
two 2p thresholds 
0.0 57.52 57.80 0.28 
0.1 57.65 57.93 0.28 
0.2 57.83 58.11 0.28 
0.3 57.99 58.27 0.28 
0.4 58.85 59.13 0.28 
0.5 59.09 59.37 0.28 
0.6 59.63 59.91 0.28 
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4     CONCLUSIONS 
In this work, the photoionization cross section for the in the vicinity of the 2p inner shell 
thresholds of free and confined Mg (Mg@C60) were calculated using relativistic Breit-Pauli R-
Matrix methods.  As far as we are aware, this is the first detailed study of inner shell resonances 
in a confined system.  However, the calculation was first done for the free Mg case and the 
accuracy of this calculation was confirmed via comparison with available experimental data. A 
detailed resonance analysis was done in the vicinity of two 2p threshold energies and all 
resonance series in this energy region were identified. Then the calculation was extended to 
Mg@C60 using the same methodology. For a deeper understanding of the behavior of resonances 
under conditions of confinement, photoionization calculations were carried out for various 
depths of the external potential well in small energy increments, allowing us to understand the  
evolution of the cross section as a function of potential depth.  
The autoionizing resonances mainly belong to five series leading to 2p1/2 and 2p3/2 
thresholds. The five series are 2p5(2P3/2)ns[3/2], 2p5(2P1/2)ns[1/2], 2p5(2P3/2)nd[3/2], 
2p5(2P3/2)nd[1/2]  and  2p5(2P1/2)nd[3/2], although there are also a few 2p53s3p2 interlopers. 
Similar resonances converging to two 2p threshold values were separated by the same difference 
as the difference between two 2p thresholds.  Good agreement with previously identified 
resonances of Mg spectrum was obtained in this calculation. In addition number new resonances 
were identified for the first time. 
Since resonance states, by their nature, are of large spatial extent, it was expected that 
confinement would affect them considerably, and that is exactly what was found. . In other 
words, the positions and shapes of autoionizing resonances were strongly affected by the 
presence of the well. Even a very small depth of the well introduces significant differences in the 
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resonances.   In addition, the Mg+ energy levels show that the outer electrons get more bound 
with the presence of the confining well.  
 With increasing depth of the confining well, some of the lower energy resonances move to 
lower photon energy, while all the others move in the opposite direction. This was found to result 
from the fact that the 3d and 4s excitations were trapped by the external well, while the higher 
excitations were not.  As a result, the 2pnl resonances, which are distributed over a range of 
~3eV in free Mg, are distributed over ~7 eV in Mg@C60.  
But this work only represents a beginning of the study of confinement effects on resonances.  
We need to go to higher energy to look at the ionization plus excitation resonances.  And we 
need to go to other species, particularly confined open shell atoms to get some notion of the 
generality of what was found in the present study.  Most importantly, however, we need to 
persuade experimentalists to study these confined systems so that the theoretical results can be 
rigorously tested.  
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